The overall stiffness of the string bed of a tennis racquet depends on numerous factors including the size and shape of the string bed, initial string tension, string spacing, and string geometric and material properties. This article contributes an analytical model of the string bed that employs nonlinear membrane theory to estimate static stiffness. The partial differential equation governing string bed deformation is discretized using a one-term Galerkin approximation that employs a logarithmic shape function for the string bed deflection. The resulting force-displacement relation at the centre of the string bed yields the string bed stiffness as a function of the major design parameters, including the shape and size of the frame, string tension used during stringing, and string spacing, diameter, and elastic modulus. To assess the accuracy of this model, the predicted force-displacement relation was compared to that measured from experiments on a string bed instrumented with a load cell and photoelectric (laser) displacement sensor. Experimental results confirm that the analytical model yields accurate estimates of the string bed load-displacement characteristics, especially for displacements of 5 mm or less.
Introduction
Tennis is a popular sport with a rich tradition that is enjoyed worldwide. Like many other sports, advances in materials have significantly impacted tennis, most notably through the evolution of tennis racquet design. The changes in materials used for the racquet from wood to alloys and carbon fibre graphite, as well as for the strings from natural gut to polymers and Kevlar Ò trace a lineage of lighter and stiffer racquets with elastic string capable of generating greater ball speed and spin. [1] [2] [3] For example, relative to early wood racquets, modern racquets of larger head geometry are more 'forgiving' with larger 'sweet spots'. 4 The evolution of racquet design and string type has also altered the types and rates of injuries. 5, 6 Experiments 7 reveal that the impact-induced accelerations at the elbow and wrist are reduced with increased head geometry of the racquet. Knudson 8, 9 concluded that string type and tension affect the rebound angle and speed for an impact test on a handle clamped racket. Polyester strings generate more spin since they have lower inter-string friction, allowing for greater recovery of stored elastic energy. That is why some professional players use polyester strings.
Significant research has advanced our understanding of factors affecting the impact of a tennis ball on the string bed. For instance, both string tension and elasticity influence the coefficient of restitution of ballracquet impact through the capability of the string material to store and release energy. 10 Experiments and theoretical models confirm that string bed stiffness affects ball impact duration, rebound speed, rebound angle, and thus unforced stroke errors from the subsequent ball flight. [11] [12] [13] [14] For example, a lumped parameter model is presented 13 in which the ball is represented by a parallel spring and damper and the string bed is represented by a linear spring attached to a rigid frame. A similar lumped parameter model developed 14 represents the string bed by a (cubically) nonlinear spring that captures the hardening behaviour of the string bed as it stiffens under larger deflections. In a study by Cross and Bower, 15 they modelled the vibrations of the string bed in most tennis racquets as continuous elastic membrane, rather than a discrete set of interconnected strings. Regardless of modelling or experimental approach, all studies of ball-racquet impact underscore the importance of the string bed stiffness.
Multiple parameters influence the string bed stiffness including, for example, the size and shape of the string bed, string spacing, tension, cross-sectional area, and elastic properties. As a start, the elastic properties of single strings are carefully measured 16 under static (dead load extension) and dynamic (soft hammer impact) conditions. Doing so reveals the underlying dynamic stiffness for single string samples. However, the stiffness of the interwoven lattice of strings forming the string bed also depends significantly on the lattice parameters including the size and geometry of the lattice and the string spacing and tension. The stiffness of an assembled string bed lattice was measured by compressing a ball under measured load against the string bed while simultaneously measuring the lateral deflection. 17 A similar experimental approach is described in Chapter 6 from Goodwill 18 where the transverse load is applied through a circular disc (punch). Doing so independently controls the contact load area which also affects string bed stiffness. In addition, the experiments by Goodwill 18 reveal the shape of the statically deflected string bed. While these approaches yield useful empirical results within the context of the experimental conditions (i.e. the specific ranges of string tension, applied loads, and contact areas), they may not readily transfer to conditions and designs different than those used in the experiments. That challenge could be addressed using a first principle model for the woven string bed. One such model 19 treats the string bed as an orthogonal net of frictionless strings subject to a central lateral load distributed over a circular subdomain. The resulting nonlinear coupled equilibrium equations are solved numerically and iteratively to understand the variation in the string bed stiffness over a wide range of model parameters.
This article contributes an alternative model to predict the stiffness of the string bed by treating the string bed as a nonlinear, tensioned membrane. This nonlinear membrane model estimates the lateral stiffness of the string bed using basic racquet design parameters including the shape and size of the frame, string tension used during stringing, and string spacing, diameter, and elastic modulus. Through this practical model, the available stiffness of the string bed is a foundation for further ball-racquet impact research. Apart from that, the work has applications for predicting the string bed stiffness of new racket designs and string material choice, which may have different head geometries and string type. This is of benefit to the research community and potentially manufacturers of racquets and string. Meanwhile, the tennis players could use this practical model to help them choose a string bed stiffness suitable to their playing styles that will reduce potential tennis injuries.
Methods

Nonlinear membrane model
In this study, the string bed was approximated as a tensioned, orthotropic elastic membrane that was clamped at its perimeter. The membrane approximation 20 recognizes that string spacing remains small relative to the characteristic in-plane dimensions of the string bed as shown in the schematic of Figure 1 . Figure 1 defines the shape of the string bed bounded by an ellipse given by equation (1)
having major semi-axis a and minor semi-axis b. The area of the string bed is denoted by A string bed , and the string spacings parallel to the major and minor axes are s x and s y , respectively. The model further considered the deflection of the string bed due to an elliptical rigid disc (i.e. an elliptical punch) applied at the centre, as is used in the companion experiments; refer to section 'Experimental trials and string bed parameters'. The disc is defined by a smaller ellipse as shown in equation (2)
having the same ellipticity (a/b) as the string bed with semi-major axis c and semi-minor axis bc/a. The area of the disc is denoted as A disc . The reasons for assuming an elliptical disc are that if the string bed and disc were circular, Laplace's equation would yield a solution for the deflection having logarithmic decay with distance from the central disc in the unloaded region. In reality, Figure 1 . Schematic defining the geometry of the string bed. String spacings s x and s y are small relative to lengths of major axis (2a) and minor axis (2b) dimensions of the elliptical boundary.
the racket string bed is bounded by an ellipse, so the disc should have the same ellipticity as the string bed to result in the accurate shape function. The orthotropic property of the membrane follows from the (potentially distinct) in-plane stress resultants given in equation (3)
where Q 0 denotes the pre-set string tension. (In general, the in-plane stress resultants are modelled as being distinct. However, in the following examples, the authors ultimately consider them to be equal due to the (nearly) equal spacing of the strings along the major and minor axes.) These stress resultants contribute to the stiffness of the string bed to lateral deflections. The lateral deflection is induced by the lateral pressure from the central elliptical disc according to nonlinear membrane theory 21 as shown in equation (4) Q qx
where w(x, y) is the lateral string bed deflection, p(x, y) is the lateral pressure from the disc, and Q qx and Q qy are the components of the membrane tension (force per unit width) in the x-and y-directions, respectively. The displacement of the string bed within the disc domain is constant (i.e. the disc is flat). In equation (4), the membrane tension has two components as shown in equation (5)
Here, Q x and Q y are the aforementioned components in equation (3) of the tension per unit width due to pretensioning of the undeflected (i.e. flat) string bed in the x-and y-directions, respectively. The components q x and q y are the additional (nonlinear) tensions per unit width of the deformed string bed in the x-and y-directions, respectively, due to the stretching of the string bed under lateral deflection. The lateral deflection of the string bed stretches each string 22 as shown in equation (6)
for strings oriented parallel to the x-and y-axes, respectively. In equation (6), l x and l y represent the half length of the undeflected strings as illustrated in Figure 1 and as given by equation (7) 
Assuming linear elastic string behaviour, the additional (nonlinear) tension components reduce to equation (8)
where the cross-sectional areas of the membrane per unit width in the x-and y-directions, respectively, are shown by equation (9) A
in which d is the diameter of the string material and E is Young's modulus of the string material. Equation (4) can now be solved for the deflection of the string bed w(x, y) upon specification of the lateral pressure p(x, y).
Discretization of membrane model
The nonlinear membrane partial differential equation (4) is solved using a one-term Galerkin approximation. To this end, the authors first observed the shape of a deformed string bed due to a central (elliptical) disc as illustrated in Figure 2 (a). Note from this image that the string deflection decays rapidly with distance from the disc, a decay that is naturally logarithmic as supported by the following observations. Within the sub-domain of the central disc, the deflection w remains constant and the pressure p(x, y) is non-zero. Within the sub-domain formed between the central disc and the racquet frame, the deflection varies significantly with position and the pressure remains zero. This latter sub-domain is referred to as the 'unloaded region': 1. In the limit of infinitesimal displacement, q x and q y are negligible relative to Q x and Q y , and equation (4) These observations suggest that an appropriate shape function for a one-term Galerkin approximation to the nonlinear membrane deflection governed by equation (4) is shown in equation (10) 4v(x, y) = 1 + ln
where the step function, H 1 , is shown in equation (11) 
The shape function defined by equation (10) is illustrated in Figure 2 (b) and qualitatively resembles the observed shape of the deflected string bed in Figure 2 (a) as well as that shown in Chapter 6 of the Goodwill. 18 Accordingly, the deflection w of the string bed is approximated by equation (12) w(x, y) = w c v(x, y) ð12Þ
where w c represents the maximum (and constant) displacement of the string bed across the central disc.
Force-displacement relation
Substituting equation (12) into equation (4) and using the Galerkin method leads to equation (13) ð
where the two-dimensional domain A string bed is bounded by the (elliptical) racquet frame and F 0 denotes the net force produced by the central disc. In the following, the authors define equation (14) G(x, y) = ln
as the logarithmic decay within the shape function equation (10) . Substituting equation (12) into equation (13) and then using results from equation (5) through equation (12), the following cubic equation for the nonlinear force-displacement relation of the string bed is generated as shown in equation (15)
The coefficient k 0 of the linear term in equation (15) is given by equation (16) 
The coefficient k 1 of the nonlinear term in equation (15) is given by equation (17) 
where R(x) and R(y) are given by equation (18) R
Evaluation of the integrals in equations (16) and (17) is carried out over four sub-domains defined in Figure  3(a) and (b) .
For example, with reference to Figure 3(a) , integration with respect to y of one term in equation (16) follows from equations (19) and (20) ð A string bed
where
An analogous four-step decomposition is used for integration with respect to x with reference to Figure  3(b) .
The resulting integrations provide the nonlinear force-displacement relation equation (15) for the string bed. The linear term in equation (15) captures the stiffening effect of the initial string tension and the string bed and disc geometries through equation (16) . The nonlinear term in equation (15) captures the nonlinear stiffening of the string bed due to additional stretching of the string bed as the strings deflect laterally. This effect is strongly influenced by the string elastic stiffness (i.e. E) and geometry (i.e. string diameter d) as well as the string bed and disc geometries through equation (17) . As above, substituting the different racket design parameters, including frame length and width, string tension, disc geometry, string elastic stiffness, and so on, into the model yields corresponding string bed stiffness. This nonlinear stiffening is apparent in prior experiments 18 and in the experiments presented below.
Experimental apparatus
An experiment was designed to measure the stiffness of the string bed. The apparatus depicted in Figure 4 applied a measured force to the string bed from a central (elliptical) disc whose lateral displacement was tracked simultaneously. The racquet frame was clamped rigidly about its perimeter so as to minimize any (additional) stiffness from the bending of the frame. After clamping the racquet frame and installing it on the test stand, a photoelectric (laser) displacement sensor (labelled (A) in Figure 4 ) was installed using two orthogonal guides to centre its position above the string bed. This sensor (Panasonic model HG-C1100) measured the lateral position of the central disc (labelled (B) in Figure 4 ) over a measurement range of 635mm and with a resolution of 60:05mm.
The force imparted to the string bed by the central disc was produced by the actuator beneath the racquet as also seen in the image of Figure 4 . The force was delivered to the disc through a rod (labelled (C) in Figure 4 ) connected to a miniature electric hoist (a motor and a motor reducer). The force was measured using a load cell (at the base of the rod) having a measurement range of 2000 N and resolution of 3.5 N. The electric motor was controlled by a pulse signal generated from the programmable logic controller (PLC). The motor was rotated at a controlled rate to provide a slowly varying force to the disc. The load cell output (voltage) was digitized (analogue to digital conversion) prior to computer sampling. Force and displacement data were simultaneously sampled following each 50 N force increment and following a 5-s wait (settling period). Each experiment was repeated four times, and the mean results over all four trials are reported below.
Experimental trials and string bed parameters
The experiments covered three different test conditions (trials). In the first trial, three (identical) racquets were used having string bed area of 690 cm 2 , 1.22-mm diameter nylon string, and a single elliptical disc conforming to the ratio of c/a = 0.18 (refer to equation (2)). The string bed stiffness (force-deflection characteristics) was then measured for each racquet, with each racquet having a distinct string tension level, namely 180, 220, or 270 N, spanning a range typically encountered in tennis. A standard tennis racquet stringing machine was used for this purpose (Alpha model E-6B). Each racquet was subject to the same force increments and range.
In the second trial, an identical racquet (string bed area 690 cm 2 and 1.22-mm diameter nylon string) was strung at a tension of 180 N. In this instance, two different elliptical discs were used to apply the lateral load, one having c/a = 0.18 (as in the first trial) and a smaller disc having c/a = 0.06 for comparison. The same force increments and range were used as in the first trial.
In the third trial, two different head geometries, both strung at a tension of 180 N with 1.22-mm diameter nylon string, were used to measure the string bed stiffness for a single elliptical disc conforming to the ratio of c/a = 0.18. Due to the head geometry difference, one racquet had a string bed area of 690 cm 2 (as in the first and second trials) while a smaller child tennis racquet had a string bed area of 560 cm 2 . The same force increments and range were used as in the first trial.
To compare the predicted string bed stiffness from the model in equation (15) with that measured in the experiment, the string bed properties reported in Table 1 were used. Evaluation of equation (15) yielded the string bed force-displacement relation for direct comparison with measurements as described below.
Note in Table 1 that the Young's modulus for the nylon string employed in these experiments is reported. This quantity was measured directly from data acquired from string samples gripped in an electric tensile testing machine (SANS model CMT4503).
Results and discussion
Example experimental results for the error bar from the first trial (c/a = 0.18) are reported in Figure 5 for the case where the string bed tension was set to 180 N. The force imparted by the central disc was slowly increased from 0 to 1200 N (in 50 N increments) while the disc displacement was measured simultaneously. The disc was then unloaded and the experiment was repeated for a total of four loading cycles. The mean and range of the measured disc displacement are reported in Figure 5 for each load increment. The range, which varied from 6.3% to 0.38% of the mean, confirms that the measurements are highly repeatable.
The mean force-displacement data for the three tension conditions used in the first trial (180, 220, and 270 N) are shown in Figure 6 together with the forcedisplacement relation predicted from the nonlinear membrane model. As noted above, the mean was computed over the four loading cycles and the results were highly repeatable. In all cases, the force increases nonlinearly with displacement and exhibits the characteristic of a hardening system with a cubic nonlinearity. The hardening effect derived from the nonlinear stiffness term in equation (15) which captured the nonlinear stretching of the string bed is described by equations (4)- (6) . Figure 6 illustrates how the nonlinear stiffness characteristics vary with string bed tension as computed from the nonlinear membrane model. As expected, the nonlinearity decreases slightly with increasing string bed tension over the force range considered in the experiment. Comparing the model with experimental results, the model overpredicts the force on the central disc relative to the measured force at each disc displacement. While the difference is negligibly small for small displacements of less than 5 mm, it does increase monotonically with displacement thereafter. In particular, the maximum percent difference between the predicted and measured displacement at the special force of 1200 N is 17.4%, 16.5%, and 16.7% for string bed tensions 180, 220, and 270 N, respectively. Similarly, the maximum root mean squared error between the predicted and measured displacement at 1200 N is 2.1, 2.0, and 1.9 mm for string bed tensions 180, 220, and 270 N, respectively. The authors propose several possible causes of this systematic difference in the discussion below. Figure 7 reports the results of the second trial in which the authors considered the effect of the size of the central disc on string bed stiffness. The results for the larger (Disc1 c/a = 0.18) and smaller (Disc2 c/ a = 0.06) discs are illustrated in Figure 7 for string bed tension of 180 N. As noted above, the experimental results (mean over four loading cycles) are plotted together with the predictions from the nonlinear membrane model. Figure 7 also contrasts the predicted force-deflection characteristics for the two disc sizes. As expected, the displacement of the string bed with the smaller disc exceeds the displacement from the larger disc under an identical load. Note that the disc surface area serves as a constraint on the string bed deflection, and thereby stiffens the string bed, as noted in the discussion of the shape function in equation (10) . As also noted above, the model overpredicts the force on the disc relative to that measured experimentally for larger deflections. In particular, the maximum percent difference between the predicted and measured displacement at the special force of 1200 N is 17.4% and 18.3% for the large disc and small disc, respectively. Similarly, the maximum root mean squared error between the predicted and measured displacement at 1200 N is 2.1and 2.3 mm for the large disc and small disc, respectively. Figure 8 shows the results of the third trial which examined how two different head geometries affect the stiffness of the string bed. The mean force-displacement data for the two head geometry conditions (690 and 560 cm 2 ) used in the experiment are shown in Figure 8 together with the force-displacement relation predicted from the nonlinear membrane model. As expected, the displacement of the string bed with the larger head geometry is greater than the displacement from the smaller head geometry under identical load. As also noted above, the model overpredicts the force on the disc relative to that measured experimentally for larger deflections. In particular, the maximum percent difference between the predicted and measured displacement at the special force of 1200 N is 17.4% and 15.9% for the large head geometry and small head geometry, respectively. Similarly, the maximum root mean squared error between the predicted and measured displacement at 1200 N is 2.1and 1.8 mm for the large head geometry and small head geometry, respectively.
The results of the three trials demonstrate that the nonlinear membrane model accurately describes the measured force-displacement characteristics of the string bed for small string bed deflections less than 5 mm. For larger deflections, the model gradually and systematically overpredicts the force for a given displacement, and hence overpredicts the stiffness of the string bed. The authors offer several possible reasons for this behaviour:
1. The experiments relied on a standard tennis racquet stringing machine. The authors assumed that this machine maintained the pre-set tension reported in these experiments; however, even though the racquets were strung at the nominated tensions, rapid stress relaxation occurs within minutes of stringing a racquet. As a result, the actual tensions were likely 15% lower than nominal values, and possibly even lower with polyester strings. In addition, static friction in the grommet holes and between strings results in a wide variation in string tension between adjacent strings, up to a factor of 2. 2. The measured value of Young's modulus reported in Table 1 was obtained from a small sample length of the nylon string used in the experiments. The only mode of string deformation induced in the tensile test machine was elongation. A far longer length would actually be used in stringing the racquet string bed which would cause additional modes of deformation (i.e. additional sources of compliance) in the plane of the string bed that include (1) the in-plane deformation of the racquet frame, (2) the local deformation of the frame at the string penetrations (holes), and (3) the lateral (bending) deformation of each string section as it passes over and under adjacent string sections in forming the woven string bed. As a result, the measured value of Young's modulus reported in Table 1 , based on pure string elongation, may well lead to overestimating the lateral stiffness of the string bed. 3. The discretization process was based on a singleterm Galerkin expansion for the string bed deflection, and thus the discrete model will necessarily be stiffer than the continuous model. While one could seek to improve model accuracy using higher order expansions, doing so may only lead to incremental improvements since the selected shape function from equation (10) is clearly descriptive of the deformed shape of the string bed for the reasons offered.
Conclusion
This article contributes a nonlinear membrane model that estimates the lateral stiffness of different racquet string beds using basic racquet design parameters as input. Doing so captures both the linear stiffness associated with the pre-set string tension and the nonlinear stiffness associated with the continued stretching of the strings under large lateral deflections. The membrane model predicts the nonlinear stiffness characteristics derived from the initial string tension, and string elongation as the string bed is deflected by a central disc.
Companion experiments yield the force-displacement characteristics of the string bed over a range of string tensions and disc sizes. The experimental results remain in strong agreement with model estimates for small deflections of the string bed less than 5 mm. The model increasingly overpredicts the stiffness of the string bed at larger deflections, which is likely due to (unmodelled) sources of compliance within the string bed and/or the racquet frame. Nevertheless, even for rather large deflections of 25 mm, the model-estimated displacements remain within 15%-20% of those measured experimentally, and the maximum root mean squared error between the predicted and measured displacement at 1200 N is approximately 2 mm. Thus, the nonlinear membrane model yields a practical way to estimate different string bed stiffness as a function of major design variables.
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